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Abstract
We establish some new oscillation criteria for a class of second-order
nonlinear neutral delay dynamic equations using a couple of Riccati sub-
stitutions. Our main results not only complement those related results
in the literature, but also improve some known results for second-order
delay dynamic equations without neutral terms.
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1 Introduction

In this paper, we introduce new sufficient conditions for the oscillation of
solutions of the neutral dynamic equation

[F(®)palz2(1)] + 9 f(ps(3(t)) = 0 for t € [ty, 00)r (1)

where z(t) := z(t) + p(t)x(7(t)), py(A) := sgn(A)|A|” for A € R and v € R™,
a, B € RT. We assume the following conditions .

(Hy) r € CLy([to, 00)r, R), ftzo r~YeAs = 0.

(Hy) 7,6 € Cl,([to,0)T,T), 7(t) < t,6(t) <t,7od =0do7, limy_, 7(t) = 00,
limy o 6() = 00, T2(t) > 79, and §°(t) > 0 where 79 is a constant.

(H3) p,q € Crd([touoO)TaR)7 0 < p(t) < Po < 00, q<t> >0 and Q<t> is not
identically zero for large t.

(Hy) f € C(T,T), and there exists a positive constant k such that % > K
for all x # 0.

The theory of time scales was introduced by Hilger (see [5]) in 1988 in order
to unify continuous and discrete analysis. A time scale, which inherits the
standard topology on R, is a nonempty closed subset of reals. Here, and later
throughout this paper, a time scale will be denoted by the symbol T, and the
intervals with a subscript T are used to denote the intersection of the usual
interval with T. For t € T, the forward jump operator o : T — T is defined
by o(t) := inf(t, 00), while the backward jump operator p : T — T is defined
by p(t) := sup(—oo,t)r, and the graininess function p : T — RY is defined
to be u(t) :==o(t) —t. A point t € T is called right-dense if o(t) =t and/or
equivalently x(t) = 0 holds; otherwise, it is called right-scattered, and similarly
left-dense and left-scattered points are defined with respect to the backward
jump operator. The set of all such rd-continuous functions is denoted by
Cra(T,R). The set of functions f : T — R which are differentiable and whose
derivative is an rd-continuous function is denoted by C,(T,R). For some
concepts related to the notion of time scales, see [4].

By a solution of (1) we mean a nontrivial function x € C,4([T,, 00)T, R),
where T}, € [to, 00)r, which has the property that [r(t)pa((z+p-zo7)2(t))] €
Cl, ([T, )T, R) and satisfies (1) identically on [T}, 00)r. A solution z of (1)
is said to be oscillatory if it is neither eventually positive nor eventually nega-
tive; otherwise, it is nonoscillatory. Equation (1) is called oscillatory if all its
solutions oscillate.
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In recent years there has been much research activities concerning the
oscillation of solutions of several classes of neutral dynamic equations, see
[7,9,10,12] Several papers are devoted to study the cases in which 0 < p(t) < 1
and 0 < p(t) < py < oo, for instance, in case of T = R Baculikovd and
Dzurina [2] studied the second order neutral differential equation

[r() () +p(B)a(r(6)] + a(t) f(2(5(1)) = 0.

They presented new oscillation criteria, where they replaced the traditional
restriction 0 < p(¢t) < 1 by 0 < p(t) < py < oo and §(t) < 7(t) < t. They
use new comparison theorems, that enable them to reduce the problem of the
oscillation of the second order equation to the oscillation of the first order
equation.

In [13] Zhang et al. introduce new oscillation criteria for the class of second
order dynamic equations of the type,

[r(#)(@(®) + p(O)(r())*] + a(t) f(2(5(1))) = 0.

Under the conditions 0 < p(t) <py < oo, [ T%j = oo and [~ T(s
[3] Baculikova and Dzurina studied the oscillation of the second-order neutral

differential equations of the form

[r (1) ((2(t) + p(&)z(r(1)*)]Z + q(1)2?(5(1)) = 0.

where a, [ are the ratios of two positive odd integers, 0 < p(t) < oo, 7(t) > t,
d(t) < 7(t) <t, but they did not consider the case 7(t) < §(t) <t

Our aim in this paper is to obtain some new sufficient conditions for (1)
and improve the results of [1,3,13,14] .

Now, we present some known results, which needed in the proof of our
main results.

<o00. In

Theorem 1.1. [4] Assume that v : T — R is strictly increasing and T :=
v(T) is a time scale. Lety: T — R . If y®[v(t)] and v®(t) exist fort € Ty, ,

then N )
(Yo = y>[o(®)]v> (1)

Lemma 1.2. [11] If X >0,Y >0, and 0 < A < 1, then
XAV > (X + V)N

Lemma 1.3. 3| If X >0,Y >0, and A > 1, then
XA+ YA > 20X + V)N

Lemma 1.4. [6] If B> 0, A>0, and a > 0, then
a Aa+1

o+l (8]

Au — Bu® .
U Bu S e pa
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2 Main results
For convenience, we define

K 0<p <,
KO = { 2176[(, ﬁ > 1. ) Pﬁ(t) = max{O,pA(t)}.

The following theorem introduces a new oscillation criterion when §(t) > 7(t)

Theorem 2.1. Assume that (Hy)-(Hy) and 6(t) > 7(t) are satisfied. If
there exists a function p € C!,(T,R) such that for all constants i, Ay > 0,we
have

t a/B) (p2(O))*r(r
i | (K”@Q(O () e (pigg%i(@()m) s
(2)

or

B

¢ A 1| e=f FBle (s
sy [ (Kop«)@(o (1#};)“’ glnﬁﬂmpﬁ(g)“”)Ac 0B
3)

where Q(t) = min{q(t), q(7(t))}, then Eq. (1) is oscillatory.

Proof. Let z(t) be a nonoscillatory solution of (1) with z(¢) > 0 on [ty, 00)T,
then there exists t; > o such that z(t) > 0, (7(t)) > 0, x(§(¢)) > 0, for all
t € [tg,00)r. By the definition of z(t) , we have z > 0 and z(t) > z(t), t > t;.
From (1), we have

[r(H)pa(z2(1))]* < —Kq(t)a"(5(t)) < 0. (4)

From (H;) and (4), one can easily obtain z2(t) > 0. then (4) becomes

It follows from Theorem 1.1 that [r(7(¢))(z2(7(t)))”
that there exists a 9 > T such that

But since 72 () > 79 > 0, we get for, t > to,

l[7’(T(t))(ZA’H(T(t)))“}A < —Kq(r(1))2*(0((1)))- (6)

To
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Combining (5) and (6), we obtain

5
[r() (A 0) A+ [r(7(0) (2 (7))

70
+ Kq(t)2"(6(1)) + py Kg(r(8))2(8(r(1))) <0 (7)
Assume that 0 < 8 < 1. Since d o7 = 7 0 and Lemma 1.2, we get

A

5
()2 ()]* + 22 [r(r() (22 (7(1)))7]

o < — Kq(t)2”(8(1)) — pp Kq(7()2*(8(7(2)))
< — KQ)[2”(5(t)) + 27 (3(r(1)))]
< — KQ()[x(8(t)) + z(8(r(t)))”
<~ KQ(1)2"(3(t)). (8)

Now, if 8 > 1. Similarly, in view of Lemma 1.3, we have

o
() (21712 + 2 [ () (A (1)) < = KQW)[P(5(8)) + 27 (3(r(1)))]

70
< = 2" PKQ)[x(5(t)) + z(5(r(1))))’
< — 2" PKQ(t)27(5(t)). (9)

It follows from (8) and (9) that

(&
[r(8)(2(1)°]* + % [r(r()) (22 (r(1))7] < ~KoQ(1)2" (4(t)) (10)
Now, we define a Riccati substitution
r(t)(22(t))
w(t) = p(t)m for allt € [t1, 00)T (11)

It is clear that w > 0 for all ¢ > ¢y, and
A

A0 = OEE 1T + O 01T | 0]
. L A LA
= P | 220510 - o) 22 E o0, (12
Since r(t)(z2(t))® decreasing, then r(t)(22())* < r(7(2)) (22 (7 (1)), i.e
A rt) \ A
22(7(t)) > <r(7(t))> 22(t). (13)

This with (12) leads to
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Since B > a, and 22 (t) > 0, then there exists a constant A\; > 0 such that
z(t) > z(7(t)) > A1. Using (13) and (14), we get

N e 0 I IR )}
R e T DR e a e a )
(15)
Applying Lemma 1.4 , we obtain
A [r(t) (=2 ()12 a*  (pP®)tr(r(t)
SOOGS0 et
Similarly , define another Riccati substitution
r(T 22 (T @
o(t) = p(t) "L (t)z)ﬁ((T (i))(t))) for allt € [t1,00)r. (17)
Then we have v(t) > 0. Differentiating (17), by
[r(r () (22 (7(1)))*] = [r(r(t)) (=2 (7(£)))*)7 > 0 and 2(77(¢)) = M
Ay — PO A ata ey A et |20 ]
(6) = s O A 01 + OO | ]
B—a
AT | AW BmpONTen
A GO R 0 M
Applying Lemma 1.4 , we get
A [r(7(1)) (=2 (7($)))*]* a®  (pR)tr(r(t))
O=POT"700w) T D gt
Combining (16) and (18), we conclude that
B B8
A0+ Py < U ([r(t)(z%))aJA + %[r<7<t>><zﬁ<r<t>>>a1ﬁ)
To 2B(7(t)) To (19)

& for A a+1
Po a®  (p2@)* T r(r(®))
+ <1 + To) (a+ 1)ott B%g‘)\f*api(t)

Recalling (10), implies

B B B «@ A a+1
YN SV SO0) () e (M) )
0+ 220 < ~Kont0@0 S + (1422 ) e BT PR (D)

(20)

Since 6(t) > 7(t) and 22(t) > 0, then 2(6(t)) > z(7(t)). This leads to

a® (PP *r(r(1)
a1 gorani =z (1)

A 3
WA () + DA (1) < — Kop(H)Q(t) + <1 + po) :

70 70

. (21)
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Integrating (21) from t; to ¢, we see that

t B (@8 (0 (O (Q) o
/ (KOP(C)Q(O - (1 ¥ Tg) e s o | A S wtt) + Bt

(22)
which contradicts (2).
Case(ii): a > B. Define the function w by (1 1). Then ( 4) holds. Since z2 > 0,
there exists a constant Ay > 0 such that r(¢)(z2(t)® < r(7(t))(z2(7(1)* < Ao ,

hence
-5
A B—a T(t) 7
o) = (1 ) (29
from (11), and (14), we obtain

rOCEOVTE , o) Brp (" (Y1) s
S O AT =

(24)
This with (23) leads to
B—a
A FOEAOE | AW BT e
=P O050wmy e ey TP
Applying Lemma 1.4, we conclude
R FOEE)2 | (pA0) T N7 ()
W0 <) (20)
On the other hand, define v as in (17). Similarly, we have
A POE (A TN )
(t) < p(t) P00 T B+ )PP A (27)

By virtue of (10), (26), and (27), we deduce that

B B
A Po A p(t) Apyyard P A alA
A0+ 8050 < S0 (PO + R O)E )7

70
BN (AR Ba

Po \ (P2 (1) 7 A (7 (t))
+<1+To> (B + 1)P+17 pB(2)

M) AT e (1))
(8 + >ﬁ+17%5<>
(28)

B
< —Kop(t)Q(t) zﬂéig; + <1 + 7_0> (b

Since §(t) > 7(t) and z2(t) > 0, then we obtain

8 B At B/
N AV R e
020+ BvA0 < ~op)Q(0) + (142 ) DB 2
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Consequently,

t B o1 O(T_ﬁr /o P B
/ <K0p<<>c2<c> - <1+pO) (20 ¥ 2™ r7 (C)))Ac < () + Pou(ty)

™) (B4 1P R () ™
(30)
this contradicts (3). The proof is complete. O
Example 2.2. Consider the second-order neutral differential equation
1 " Y
(z(t) + zz(t— 1)) + ﬁx(t) =0 for t>1. (31)

2

where v > 0 is a constant, r(t) =1, po =1, 7(t) =t -1, 10 =1, Q(t) = %
and 0(t) = t.Clearly, « = f =1 and 7(t) > 0(t). Choose p(t) =t, then by (2)

' 5 @ At (r
s [ (Wo@(o_(lﬂ) (@[5 (PHOr <<>>>A<
0 (32)

1300 7o) (a+ 1) rapi=epa(()

t
. ¥ 3\1
—hmsup/ K——(—)— d¢ = o0
t—o0 to < OC 8 C
provided that v > %. Hence, (31) is oscillatory if v > % . For any Ky > 1

our result is better than results obtained in [13].

Example 2.3. Consider the second order neutral differential equation
4 a
[t (2(t) + pox ()] + atut) =0 (33)

where 0 < v < o0, 0 < pu<1anda>0. Herer(t) = t/2, 0 < py < 00,
T(t) = t, 0 =7, q(t) = Q(t) = g5 and 0(t) = pt. Here a =3 =1.
In [3], the authors studied this example in some cases for v, 3, but they didn’t
get results in case of T(t) < d(t) < t, to obtain this case choose 0 < v < p <1
and p(t) =t . Application of (2), then we get

t 3 a/B)* (p2(C)*Tr(r
o sup /to (KOP(OQ(O - (1 i %) (a( +/f))“+1 . ré’i)%“p;((g()o)) A¢

. ' oa 1 P 1
:h?i)igp/to <@C—Z<l+$>ﬁ\/§>dgzoo

Hence, (33) is oscillatory if a > i(l + %) %

(34)
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